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Hermite-Liouville (H-L) Liouville K\"ahler-Liouville (K-L
– $)$
Liouville Liouville ( FLiouville-St\"ackel )
$g= \sum_{i=1}^{n}(-1)^{n-i}\prod_{k\neq i}(f_{k}(x_{k})-f_{i}(x_{i}))dx_{i}^{2}$




















H-L K\"ahler $h$ 1
2 $g$ $\tilde{g}$
Levi-Civita l-form $\phi$







Topalov $K$\"ahler $h$- ([5]) 1
2 $K\ddot{a}$hler $h$-
$\nabla_{\dot{\gamma}(t)}\dot{\gamma}(t)=a(t)\dot{\gamma}(t)+b(t)J\dot{\gamma}(t)$




$(g,\tilde{g})$ , $(g_{A},\tilde{g}_{A}),$ $\ldots$ :
$g_{A},\tilde{g}_{A}$ Hermi $t$ ian K\"ahler ; $(g_{A},\tilde{g}_{A})$ $h$-
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$\tilde{\nabla}_{X}Y-\nabla_{X}Y=\phi(X)Y+\phi(Y)X+\phi(Q^{-1}X)QY+\phi(Q^{-1}Y)QX$ ,
$Q$ $($ 1, $1)-$
Hermite-Liouville
H-L 3 $E_{0}$ $\mathbb{C}^{n+1}$













Liouville $(M, g),$ $\dim M=n$ , $T^{*}M$
$n$ $\mathcal{F}$
(1) $F\in \mathcal{F}$ $p\in M$ $F_{p}:=F|_{T_{\dot{p}}M}$ 2
(2) $p\in M$ $F_{p},$ $F\in \mathcal{F}$,
(3) $\mathcal{F}$ $E$
(4) $F,$ $H\in \mathcal{F}$ $\{F, H\}$
(5) $P\in M$ $\mathcal{F}_{p}:=\{F_{p};F\in \mathcal{F}\}$ $n$
Liouville $(M, g;\mathcal{F})$ $F\in \mathcal{F}-\{0\}$ $p\in M$ $F_{p}=0$
$\xi\in T_{p}^{*}M$ $dF_{\xi}\neq 0$ proper proper
Liouville rank
$1\leq$ rank$(M, g;\mathcal{F})\leq\dim M$ .
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. rank $($ rank $=\dim M)$ $M$ : compact $M$
. Rank one Liouville $S^{n}$ (type A)
$\mathbb{R}\mathbb{P}^{n}$ (type B) $\mathbb{R}^{n}$ (type C, D)
Rank one, type (B) Liouville $dt^{2}$ $\mathbb{R}/lZ(l>0)$
$n-1$ $[fi(t)],$ $\ldots,$ $[f_{n-1}(t)]$ (type (B) core )
( $f_{i}$ )
1. $0<\beta_{1}<\cdots<\beta_{n-1}<l/2$ $f_{m}(\pm\beta_{m})=0;f_{m}(t)>0$ for
$-\beta_{m}<t<\beta_{m};f_{m}(t)<0$ for $\beta_{m}<t<l-\beta_{m}$
2. $f_{m}’(\beta_{m})<0$ .
3. $f_{m}(t)=f_{m}(-t)$ for any $t\in \mathbb{R}/lZ$ .
4. $f_{1}(t)<\cdots<f_{n-1}(t)$ for any $t\in \mathbb{R}/lZ$ .




$\Leftrightarrow\exists\phi$ : $(M, g)arrow\sim(M^{l}, g’)$ with $\phi_{*}\mathcal{F}=\mathcal{F}’$ .
2 type (B) cores
$C_{1}\simeq C_{2}$ $\Leftrightarrow$ $C_{2}=C_{1}$ or $C_{2}=C_{1}^{r}$
$C=(\mathbb{R}/lZ;[f_{1}], \ldots, [f_{n-1}])$
$C^{r}=(\mathbb{R}/lZ;[f_{1}^{r}], \ldots, [f_{n-1}^{r}])$ ,
$f_{i}^{r}(t)=-f_{n-i}(l/2-t)$ $(1 \leq i\leq n-1)$ .
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$\mathbb{R}/\alpha_{i}Zarrow\{\begin{array}{l}[\beta_{i-1}, \beta_{i}] (2\leq i\leq n-1)[-\beta_{1}, \beta_{1}] (i=1)[\beta_{n-1}, l-\beta_{n-1}] (i=n)\end{array}$
$(w_{i}\mapsto t)$
$( \frac{dt}{dw_{i}})^{2}=(-1)^{i-1}f_{1}(t)\ldots f_{n-1}(t)$ ,
$t(0)=\beta_{i}$ , $t(\alpha_{i}/4)=\beta_{i-1}$ .
$R= \prod_{i=1}^{n}(\mathbb{R}/\alpha_{i}Z)=\{(w_{1}, \ldots, w_{n})\}$ ,
involutions $\sigma_{i}(1\leq i\leq n-1)$ $\tau$
$\sigma_{i}(x)=(w_{1}, \ldots, w_{i-1}, -w_{i}, \frac{\alpha_{i+1}}{2}-w_{i+1}, w_{i+2}, \ldots, w_{n})$ ,
$\tau(x)=(w_{1}+\frac{\alpha_{1}}{2}, -w_{2}, \ldots, -w_{n})$ .
$R$ $G$ $(Z/2Z)^{n}$ $N=R/G$
$\mathbb{R}\mathbb{P}^{n}$
$f_{ik}\in C^{\infty}(\mathbb{R}/\alpha_{i}Z)$
$f_{ik}(w_{i})=f_{k}(t(w_{i}))$ , $1\leq k\leq n-1,1\leq i\leq n$ ,
$[b_{ij}(w_{i})]_{1\leq i,j\leq n}$
$b_{ij}=b_{ij}(w_{i})=\{\begin{array}{ll}(-1)^{i}\prod_{k\neq j}f_{ik}(w_{i}) (1\leq j\leq n-1),(-1)^{i+1}\prod_{k}f_{ik}(w_{i}) (j=n).\end{array}$
$\sum_{j=1}^{n}b_{ij}(w_{i})F_{j}=(\partial/\partial w_{i})^{2}$, $1\leq i\leq n$ ,
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$N$ 2 $F_{1},$ $\ldots$ ,
$\mathcal{F}=$ Span$\{F_{1}, \ldots, F_{n}\}$ ,
( ) $F_{n}/2$
Liouville $(N, g;\mathcal{F})$
:(1) 1 $\mathbb{R}\mathbb{P}^{n}$ core
$l=\pi$ , . $f_{i}(t)=(\cos t)^{2}-q$ $(1\leq i\leq n-1)$
$1>c_{1}>\cdots>c_{n-1}>0$
(2) $E$ $\sum_{i=0}^{n}\frac{x_{i}^{2}}{a_{i}}=1$ $(a_{0}>\cdots>a_{n}>0)$ E/{ $\pm$ identity}
core
$l= \frac{1}{2}\cross$ the length of the ellipse $\frac{x_{0}^{2}}{a_{0}}+\frac{x_{n}^{2}}{a_{n}}=1$ ,




K\"ahler-Liouville $K\ddot{a}$hler $(M, g),$ $\dim_{C}M=n$ $T^{*}M$
$n$
$\mathcal{F}$
(1) $F\in \mathcal{F}$ $p\in M$ $F_{p}:=F|_{T_{p}^{*}M}$
(2) $F_{p},$ $F\in \mathcal{F}$ ,
(3) $\mathcal{F}$ $E$
(4) $F,$ $H\in \mathcal{F}$ $\{F, H\}$
(5) $\mathcal{F}_{p}:=\{F_{p} ;F\in \mathcal{F}\}$ $p\in M$ $n$
(proper, type $(A)$ ). $(M,g)$ $n$ $\mathcal{Y}$ $Y\in \mathcal{Y}$ $F\in \mathcal{F}$
$\{Y, F\}=0$ $\mathcal{Y}$ $\mathcal{F}$ $(M, g)$
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. Mcompact $\mathcal{Y}$ $M$ $n$ $M$
rank. $M$ compact $(M, g;\mathcal{F})$ rank 1 $M$ $\mathbb{C}\mathbb{P}^{n}$
. $M$ compact $(M, g;\mathcal{F})$ rank Liouville
Compact rank one rank one, type (B) Liouville
type (B) core
$(\mathbb{R}/lZ;[v(t)-c_{1}], \ldots, [v(t)-c_{n-1}])$ .
$1>c_{1}>\cdots>c_{n-1}>0$ $v(t)\in C^{\infty}(\mathbb{R}/lZ)$
(1) $v(-t)=v(t)$ .
(2) $v(O)=1,$ $v(l/2)=0$ .
(3) $v’(t)<0$ if $0<t<l/2$ .
(4) $-v^{lJ}(0)=v’’(l/2)=c_{*}$ .
(5) $v’(\beta_{i})=-\sqrt{2c_{*}c_{i}(1-c_{i})}$ , where $\beta_{i}=v^{-1}(c_{i})\in(0, l/2),$ $1\leq i\leq n-1$ .
core “special kind“ $\circ$








special kind core K-L manifold
1. Liouville $(N, g;\mathcal{F})$
$X_{i}= \frac{grad(\prod_{k}(v_{k}-q))}{c_{*}\prod_{0\leq m\leq nm\neq i}(c_{m}-c_{i})}$
,
2. $N$ $X_{0},$ $\ldots,$ $X_{n}$
$0\leq i\leq n$ , $c_{0}=1,$ $c_{n}=0$ ,
$v_{k}(w_{k})=v(t(w_{k}))$
$[X_{i}, X_{j}]=0$ $(\forall i, j)$ $\sum_{i=0}^{n}X_{i}=0$ .
3. $\pi$ : $\mathbb{R}^{n+1}\backslash \{0\}arrow \mathbb{R}\mathbb{P}^{n}=\{[u_{0}, \ldots, u_{n}]\}$
$\phi:Narrow \mathbb{R}\mathbb{P}^{n}$
$\phi_{*}(X_{i})=\pi_{*}(u_{i}(\partial/\partial u_{i}))$ , $0\leq i\leq n$ .
4. $\mathbb{C}\mathbb{P}^{n}$ $[u_{0}, \ldots, u_{n}]$ $\mathbb{R}\mathbb{P}^{n}$
$U(1)^{n}=U(1)^{n+1}/U(1)$ $\mathbb{C}\mathbb{P}^{n}$ :
$((\lambda_{0}, \ldots, \lambda_{n}), [u_{0}, \ldots, u_{n}])\mapsto[\lambda_{0}u_{0}, \ldots, \lambda_{n}u_{n}]$ , $|\lambda_{i}|=1$ .
5. $X_{i}$ $\mathbb{C}\mathbb{P}^{n}$
$Y_{i}=JX_{i}(0\leq i\leq n)$
6. $F\in \mathcal{F}$ $\mathbb{C}\mathbb{P}^{n}$
7. $g$ K\"ahler K\"ahler-Liouville $(\mathbb{C}\mathbb{P}^{n}, g;\mathcal{F})$





$g$ $\tilde{g}$ $M$ ;
$\tilde{\nabla}_{X}Y-\nabla_{X}Y=\phi(X)Y+\phi(Y)X$.
(1, 1) $A$ $\tilde{g}(\cdot,$ $\cdot)=\det(A)^{-1}g(A^{-1}\cdot, \cdot)$
. $K_{c}(\dot{\gamma}(t)):=\det(A-cI)g((A-cI)^{-1}\dot{\gamma}(t),\dot{\gamma}(t))$ $c\in \mathbb{R}$ $(M, g)$
$\gamma(t)$
$(M, g)$ Liouville $(M,\tilde{g})$
$\circ g_{A}(\cdot,$ $\cdot):=g(A\cdot, \cdot)$ 2 $(g_{A},\tilde{g}_{A})$
pairs $(g,\tilde{g})$ , $(g_{A},\tilde{g}_{A}),$ $(g_{A^{2}},\tilde{g}_{A^{2}}),$ $\ldots$ ,
( $u(t)$ $(g_{u(A)},\tilde{g}_{u(A)})$ )
$g$ $\tilde{g}$ $M$ $h$- K\"ahler ;
$\tilde{\nabla}_{X}Y-\nabla_{X}Y=\phi(X)Y+\phi(Y)X-\phi(JX)JY-\phi(JY)JX$ .
$A$ $\tilde{g}(\cdot,$ $\cdot)=\det(A)^{-1/2}g(A^{-1}\cdot, \cdot)$ (1, 1)
. $AJ=JA$ .
. $K_{c}(\dot{\gamma}(t));=\det(A-cI)^{1/2}g((A-cI)^{-1}-(t), -(t))$ $c\in \mathbb{R}$ $(M, g)$
$\gamma(t)$
$\mathcal{F}=$ Span $\{K_{c}^{*}|c\in \mathbb{R}\}$ $K_{c}^{*}$ $K_{c}$ $T^{*}M$
$h_{1}\geq\cdots\geq h_{n}$ $A$ ( $\mathbb{C}$ ) $A$
$p\in M$ $h_{1}(p)>\cdots>h_{n}(p)$ $dh_{i}\neq 0(\forall i)$
$M$ compact
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(K.-Topalov). $(M,g;\mathcal{F})$ rank one K\"ahler-Liouville $M$
$\mathbb{C}\mathbb{P}^{n}$ $(M, g)$ rank one
K-L manifold K-L $(M,\tilde{g};\tilde{\mathcal{F}})$ $g$ $\tilde{g}$ $h$-
$h$- cores
$C=(\mathbb{R}/lZ;[h(t)-c_{1}], \ldots, [h(t)-c_{n-1}])$
$(M, g;\mathcal{F})$ core $h$- $(M,\tilde{g};\tilde{\mathcal{F}})$ core
$\tilde{C}=(\mathbb{R}/\tilde{l}Z;[\tilde{h}(\tilde{t})-\tilde{c}_{1}], \ldots, [\tilde{h}(\tilde{t})-\tilde{c}_{n-1}])$ ,
$a>0,$ $\gamma>0$
$\tilde{h}(\tilde{t}(t))=\frac{ah(t)}{(a-1)h(t)+1}$ , $\tilde{c}_{i}=\frac{aq}{(a-1)\mathfrak{g}+1}$
$\frac{d\tilde{t}}{dt}=\frac{\sqrt{a\gamma}}{(a-1)h(t)+1}$ , $\tilde{l}=\int_{0}^{l}\frac{\sqrt{a\gamma}}{(a-1)h(t)+1}dt$ ,
$h(t)$ $c_{i}$ $h^{r}(t)$ $c_{i}^{r}$
2 cores $C$ $h$- $\phi$ : $\mathbb{R}/lZarrow \mathbb{R}/\tilde{l}Z(t\mapsto\tilde{t})$ $h$-
$\phi$
$\Phi:Marrow\tilde{M}$




H-L 2 type (B) cores 1 general kind 1 special kind
$C=(\mathbb{R}/lZ;[f_{1}(t)], \ldots, [f_{n-1}(t)])$ ,
$\tilde{C}=(\mathbb{R}/\tilde{l}Z;[h(s)-c_{1}], \ldots, [h(s)-c_{n-1}])$ ,
1
$\phi:\mathbb{R}/lZarrow \mathbb{R}/\tilde{l}\mathbb{Z}$ $(t\mapsto s)$
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$ds/dt>0$
$\phi(0)=0$ , $\phi(-t)=-\phi(t)$ , $\phi(\beta_{i})=\tilde{\beta}_{i}$ ,
$0<\beta_{i}<l/2$ $0<\tilde{\beta}_{i}<\tilde{l}/2$ $f_{i}(\beta_{i})=0$
$h(\tilde{\beta}_{i})=c_{i}$
H-L $(M, g;\tilde{\mathcal{F}})$. $M$ $\mathbb{C}\mathbb{P}^{n}$
. $(M, g)$ $n$ $\mathcal{Y}$ $Y\in \mathcal{Y}$ $F\in\tilde{\mathcal{F}}$
$\{Y, F\}=0$ $(M, g)$ $\mathcal{Y}$
$\tilde{\mathcal{F}}$
$\phi=Identity$ Igarashi-Kiyohara [1]
1. general kind core Liouville $(N, g;\mathcal{F})$
$N=R/\sim$ , $R= \prod_{i=1}^{n}\mathbb{R}/\alpha_{i}Z$ , etc..
2. Liouville $(\tilde{N},\tilde{g}, \mathcal{H})$ special kind core
K-L $\mathbb{R}\mathbb{P}^{n}\subset \mathbb{C}\mathbb{P}^{n}$
$\tilde{N}arrow\sim \mathbb{R}\mathbb{P}^{n}\subset \mathbb{C}\mathbb{P}^{n}$ .




$Rarrow\sim\tilde{R}$ , $\Phi:Narrow\sim\tilde{N}$ .
4. $(\tilde{N},\tilde{g}, \mathcal{H})$ $\Phi_{*}(N, g;\mathcal{F})$
$Narrow\sim\tilde{N}arrow\sim \mathbb{R}\mathbb{P}^{n}\subset \mathbb{C}\mathbb{P}^{n}$
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H-L K\"ahler core $C$ special kind 2
cores $C$ $\tilde{C}$ $\phi$ : $\mathbb{R}/lZarrow \mathbb{R}/\tilde{l}Z$ $h$-
H-L core $C$ K-L
2 3 $(k=1,2)$ :
$C_{k}=(\mathbb{R}/l_{(k)}Z;[f_{(k)1}(t)], \ldots, [f_{(k)n-1}(t)])$ ,
$\tilde{C}_{k}=(\mathbb{R}/\tilde{l}_{(k)}Z;[h_{(k)}(s)-c_{1}], \ldots, [h_{(k)}(s)-c_{n-1}])$,
$\phi_{k}:\mathbb{R}/l_{(k)}Zarrow \mathbb{R}/\tilde{l}_{(k)}Z$ $(t\mapsto s)$
H-L $(M_{k}, g_{k};\mathcal{F}_{k})(k=1,2)$
$|$
H-L $(M_{k}, g_{k};\mathcal{F}_{k})(k=1,2)$ 3
(1) $C_{1}$ $C_{2}$
(2) $\tilde{C}_{1}$ $\tilde{C}_{2}$ $\phi$ : $\mathbb{R}/\tilde{l}_{(1)}Zarrow \mathbb{R}/\tilde{l}_{(2)}Z$ $h$-
(3) $\phi_{2}=\phi\circ\phi_{1}$ $\phi_{2}or=\phi 0\phi_{1}$
$r$ : $\mathbb{R}/l_{(1)}Zarrow \mathbb{R}/l_{(2)}Z(l_{(1)}=l_{(2)}=l)$ $r(t)=l/2-t$
3 $(C,\tilde{C}, \phi)$ modulo $h$-
6 3
1 $g$ $\tilde{g}$ $M$ $h$- K\"ahler $(M, g_{A})$ $(M,\tilde{g}_{A})$
:
. Hermite $g_{A}$ $K\ddot{a}$hler. $g_{A}$ Levi-Civita $h$-
$\tilde{\nabla}_{X}Y-\nabla_{X}Y=\phi(X)Y+\phi(Y)X+\phi(Q^{-1}X)QY+\phi(Q^{-1}Y)QX$,
$Q$ $M$ (1, 1)
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(K.-Topalov [2]) $g$ $\tilde{g}$ $M$ (dimc $M=n$) 2 Hermitian
(1, 1) $Q$ $h$-
$U$
(1) $(M, g;\mathcal{F})$ $U$ Hermite-Liouville ($\mathcal{F}$ )






special kind core $l’>0$ $\psi$ : $\mathbb{R}/l’Zarrow \mathbb{R}/lZ$ $\psi(0)=0,$ $\psi(-t)=-\psi(t)$
$\psi^{*}C=(\mathbb{R}/l’Z;[\psi^{*}h(t)-c_{1}], \ldots, [\psi^{*}h(t)-c_{n-1}])$ .
$h$- $\phi$ : $Carrow\tilde{C}$ $l^{\tilde{\prime}}>0$ $\tilde{\psi}$ : $\mathbb{R}/\tilde{l}’Zarrow \mathbb{R}/\tilde{l}Z$










2 $E’=2E+ \sum_{i=1}^{n-1}\epsilon_{i}H_{i}$ $(|\epsilon_{i}|$ $/\rfloor\backslash )$
$g’$ H-L $(M, g’;\mathcal{H})$
3 ($C,\tilde{C}$ , Identity) $C=(\mathbb{R}/lZ;[f_{1}(t)],$ $\ldots,$ $[f_{n}$
$f_{i}(t)= \frac{h(t)-c_{i}}{1+\epsilon_{i}(h(t)-c_{i})}$ , $(1\leq 1\leq n-1)$
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3. $E_{0}$
$E_{0}$ : $\sum_{i=0}^{n}\frac{|z_{i}|^{2}}{a_{i}}=1$ $(a_{0}>\cdots>a_{n}>0)$
$\mathbb{C}^{n+1}$
$\rho:E_{0}(\subset \mathbb{C}^{n+1}-\{0\})arrow \mathbb{C}\mathbb{P}^{n}$
$U(1)$ $\rho$ $\mathbb{C}\mathbb{P}^{n}$ Hermite $\mathbb{C}\mathbb{P}^{n}$
H-L 3 $(C,\tilde{C}, \phi)$ :
. $\tilde{C}=(\mathbb{R}/\pi Z;[\cos^{2}t-c_{1}], \ldots, [\cos^{2}t-c_{n-1}])_{\tau}$ Fubini-Study $\mathbb{C}\mathbb{P}^{n}$
core $ci= \frac{a_{i}-a_{n}}{a_{0}-a_{n}}(1\leq i\leq n-1)$
. $\phi:\mathbb{R}/lZarrow \mathbb{R}/\pi Z$ $(t\mapsto s)$
$\phi(0)=0$ , $\frac{ds}{dt}=\frac{1}{\sqrt{a_{0}\cos^{2}s+a_{n}\sin^{2}s}}$ ,
$l$ $x_{0}^{2}/a_{0}+x_{n}^{2}/a_{n}=1$
. $C=\phi^{*}\tilde{C}=(\mathbb{R}/lZ;[\cos^{2}s(t)-c_{1}], \ldots, [\cos^{2}s(t)-c_{n-1}])$ ( )
$\sum_{i=0}^{n}\frac{x_{i}^{2}}{a_{i}}=1$ in $\mathbb{R}^{n+1}$
core
$\bullet$ 3 $(\phi^{*}\tilde{C},\tilde{C}, \phi)$ $h$- H-L
K-L $h$-
Fubini-Study $\mathbb{C}\mathbb{P}^{n}$
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